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Stochastic PDEs

EQZ)(X? t) =F [¢] + U(Xa t)

> Ezat—l/vz,ﬁzag—v2,£:3t
» F [¢] forcing term

» Terms linear in ¢ like —v¢ or —vm?¢ may be moved from
F [¢] into £

» 1(x, t) generic random noise

» We do not require Lo = F [¢] to be derived from an action
principle.

Davide Venturelli (SISSA) Effective action methods for stochastic PDEs 01.07.2021 2/32



Examples

» Reaction-diffusion-decay systems

09

oy — vV =Pl¢]+1

» KPZ equation

0 A
O W= P+ 5 (VP

» Purely dissipative systems

06 _ OM[¢]
ot~ oo
oM[e]| TH[9]\?
ot nzo“/ddx(w(x)) :

Davide Venturelli (SISSA) Effective action methods for stochastic PDEs 01.07.2021

3/32



Ensemble average

Assume a unique solution ¢ (x, t|n) exists. For any observable O,
introduce

©0) = [ DaPlIIO Gt t)
= [ DuPlil [ o0 @)516 — bun(x. o)
— [ PPl [ o0 (@)s10 - Flol - 1 VT T

where

oF
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Ensemble average

> MSR
5[ — Flg] —n] = / Did eI HEo—Flol-n)

and integrate over the Gaussian distribution P[] to get
MSRJD dynamical functional.

> Integrating 7 straight away yields

@)= / DP L — FIVTTT O (9)

where P [Lé — F[p]] ~ e~Soml?] is the generalized OM
functional.
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Gaussian noise
Pl = e~ Jdxdy n(G7 (xy)n()
det(27G,)

» Can always choose F[¢] so that (n) =0

» Gaussian noise # Gaussian fluctuations of ¢!
Then

(0()) = /D¢¢Jj%‘%M“O %)

det( 27TG

SwM—//E@FM) (Lo — Flo))
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Dynamical action

» Jacobian

oF

J = det (L B @) det(27rI)

/'D[CT cle” 216[ }C

» Dynamical action

Swee =3 [ [1£816, co) + 5 [ clce

— propagators Gy, Gic,

Sint://{%FMG;IFW]—[c¢]c7;lp[¢]}_%/ T‘;g

— vertices ¢ — F[¢], F[¢] — F[¢], ' —c.
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Effective action

» Write noise as G,(x,y) = A-g(x,y).

» Construct the characteristic functional
E <ei fJ¢>> = Z[0]ex V]

and cumulant generating functional
J]=Alog ——
WI[J] = Alog Z[0]

» Legendre transform,

Mlpiol =sup { WU+ [ s} = Wi+ [ Jo

where Jis s.t.
244N

5T
8 = {0) 5 OT19: 9o

J=J 7 0

I
—

p=¢
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Effective action

Recalling

Z[] :/Dqse%(fw—sw))

= i wol = S(p) + 5 " det(izi) — [ ¢ o] + O(12)
we get

ool =5 [ [ (Co— Fleh g™ (2o - Fle)

+;‘|ndet{1 (0‘22) 1g(£‘;:>1} {(wa[ e ;F}}

—lp & po] + O(A?)
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Effective potential

For homogeneous and static field configurations (L = 0),

Vwmd—r%fd

Translational invariant noise, fdngl(x) =1:

62F

1 A d%dw (k; w)Flel 3
V[e: po] = §F2[¢]+ > / @i In {1+ [LT(k,w)f %T} [ (k o M} } —[p < ,90]+O(A2)

Compare with (Coleman-Weinberg)

d9% dw 327\2/
© 2
Varrleivel = Vel + 3 [ Gt ind 14 2 e ol +002)
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Interpretation

» Physical energy need not be conserved, but

Se= [ [(co-Fleng (co - Fla) = 0

with minima in £L¢ — F[¢] = 0.

» The EA contains all the info about the ground state and its
fluctuations:

stationary points < stochastic (e) at J =0

o s pol _ 0

5 < p= <®>J:o
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Interpretation

> Since Py[p] = P [Lo — F[p]] VI T, if we coarse-grain
1
(D)o = a /Q dx ¢(x)

then

Prob((¢)q /D¢>P¢[¢>]5( - 9) = /D¢>P¢[¢ /d)\e’m(<¢>>n %)

- /d)\ Z[iIAA 0(Q)]e= PP o= d VG001 +O(F)

i.e. effective potential <+ PDF for the spacetime averaged field
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Interpretation

> Transition probability

B(x,tr)=er(x
Prob [¢f(x), tr; ¢i(x), ti] o /

d(x,t:)=¢i(x)
=~ ef %r[d)int]

where @it minimizes Sc[¢] and interpolates from ¢;(x) to

(ﬁf(X).

» In a nutshell, effective action/potential give info about the
ground state in out-of-equilibrium fluctuating phenomena.
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Example: massless KPZ

a
1000

500

0 2\ A 2
<0t_VV>O—FO+2(V¢) +77

=500

-1000{

1000 0 1000 (um)

» Surface growth interpretation: ¢(x, t) height of surface
» Fluid dynamical interpretation: u = —V ¢ fluid velocity,

Up 4+ AUly = Vlyxy — Nx

» Symmetries:

¢ — ¢+ c(t)

t' =t
Fo%F0+%

x — x' = x — et {
B(x,t) = o(x', t') = ¢(x, t) — ex

i.e. Galilean transformation u — v’ = u + € (iff time-white
noise), and gauge transformation for u.
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Effective potential - KPZ

» Homogeneous, static field configs — V[p; o] = 0

» Most general static config for which Lo =0is ¢ = —u - x

> @ zero loops,

V(u; up] = + O(A)

1 2 1 2
2 2
(Fo + EAu > — <Fo + 5/\u0>

formally equivalent to A\¢* QFT.

1
2

» Choose temporal white noise, so that we can set up =0

> Renormalized value of Fg must be set to zero, as

1 3¢ d _
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Effective potential - KPZ

» Let g(k) = 6(A — |k|), so that @ 1 loop

A d9% |k| A 1 A
V[u] =V = k2+ 5 (Fo+ 2Au? ) — 4/ k2 + S F
[u] 0[“]+2V/W<A @m)? +V2<o+2 U> + 5 Fo

> 2" ~ N9T2-20 e renormalizable for d < 4

» This depends on the choice of noise! Picking
ko\ *
2= (') o 1k

then u2n ~ Ad+272nfna-
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d=1 case

AN A 1 A
Vl[u]:EVA dk2{\/k2+l/2(F0+2,\u2)—,/k2+uzFo}

Consider
I(a) = /Oo a2 { ke +a-Viz}
0

1
I'"(a) = -5 Z(a) = ca—
a

3
az

WIN

(Z(0) = 0) and reabsorb the constant c into

cA
(FO)bare = (FO)renormalized +A- 6F0 + O(A2) — 5F0 = _m

L=Lgr+0L.

Finally, set (Fo)renormalized = 0 into V[u].
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Dynamical symmetry breaking

VIphi]
Ind =1,
2 3
V[u] = %u“— ﬁ\ﬂﬂo(ﬁ)

» SSB: a symmetry of the potential is not shared by 0-loop
ground state

» DSB: symmetry preserved at classical level (noiseless), but
broken due to fluctuations

» Non-zero minima, i.e. spontaneous onset of bulk fluid flows due
to noise! (e.g. thin pipe)
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Dynamical symmetry breaking

Viphi]

Ind =3,
A2 AN
Viu] = —u® + —————|u® + O(A?
Ll = 54"+ oyamza U+ O(A)

phi
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Outline

Scale-dependence of parameters
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Scale-dependence of parameters

» SDE, Fokker-Planck, Master equation — time evolution of
statistical properties of the solution

» Interplay between fluctuations and interactions leads to scale
dependence in the parameters and couplings in stochastic
systems

» RG: how the dynamics of the system evolves as we change the
temporal /spatial scale at which the phenomenon is observed

Davide Venturelli (SISSA) Effective action methods for stochastic PDEs 01.07.2021 20 / 32



Perturbative RG and multiplicative noise

Cubic autocatalytic model (simplified Gray-Scott):

26+ U Y 3¢
b &

If U is very abundant, calling A = \'U

dﬁ(t) = —ro(t) + A () +1(t)
t
di&’f) = —ré(t) + A*(t) + ¢(t)n(t)
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Perturbative RG and multiplicative noise

Additive noise:
o) = Ro) {)+ 2 [ o~ 100}
Multiplicative noise:

o) = Rafw) { [ G0t =) 44 [ oot - ot

where we defined the free response
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Perturbative RG and multiplicative noise

Look for the full response

Additive noise;

REIn(e) = Raf@)n(e) + ARo(w) [ S R(w - o/ n(e - /IR In(e)

R = Ro + O(R?)
Multiplicative noise:
RE@)n() = Ro(w) [ S=Rlw — )l ')

FARo(w) [ S R(w = e — )R ()
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Effective potential for multiplicative noise

de(t)
dt

= —F[¢] + Gl¢n(t)
As before, write

1= /D¢5[¢_¢sol(xa t|77)]

where

516~ dua(,t)] = | S0 1 Flo] - Glola(o)| VT

=gt (M ) el + (5) ~ )
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Effective potential for multiplicative noise

Additive noise (space+time):
LA d? dw
/(27r)d+1 n{

Multiplicative noise:

Vg po] ~ 7,_-2

Vie; o] ~ % (M)z-i- A/dw n

Glel 2w

Davide Venturelli (SISSA)
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Toy model

Rate law:

d<75__ 2 1
i rg 4+ Ao” + ¢2n

> qﬁ% represents intermediate chemical steps happening faster
than 29+ U — 3¢

» Dynamics is modified as we change the scale at which the
phenomena is being observed. How do the parameters of the
Langevin equation scale?

> If some steps are light-sensitive, shine noisy light and measure
the dynamics — gain insight into intermediate steps
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Toy model

» Choose g(w) =1— % (le. ~ %2 time correlations)

> Effective potential becomes

Vig: pol ~ +
¢ivol =~ =

(rz‘sz’A‘Per/\ch:’) +§/d*wln{1+ &) (7%)‘) ("p7 Mﬁ) }

27 w2+%r2— %rA<p+%A2<p2
> Key: keep only UV divergent terms

1 3 dw g(w) -
Vig:wo] ~ |=r2 — ZAarA | — =22 4 finit
[(p Lpo] |:2r 5 r 2 > irz Inite | @

2 g(w) . 2, 153

_|:(2r)\ )\A/27rw2+12+f|n|te<p+§>\go
1
2

[(rZr)ch — 2(rZ,)>\4p2 + A24p3] + finite
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1-loop correction to r

We deduce (£ = Lr + 0L)

C
n = r+C = r<1+r> = rZ,,

where C is the minimal counterterm necessary to cancel the
divergence:

3N fdw  |w]
C=——"— [ — 5
8wo 21 w2 4 L
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1-loop correction to r

We deduce (£ = Lr + 0L)
n = r+C = r(l—i—C) = rZ,
r

where C is the minimal counterterm necessary to cancel the

divergence:
C~ CDA@D dw wf
T 8wo (2m)d 2 4+ %
DA 1 (rZ)z‘i 7r
Bwo (47)% \ 4 r(g)snm($+1)

d=1—c  32AD 1
—_— — — + finite
8w €
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Running of r

Define the effective dimensionless rate

pld) = AALD - ﬁ'rd—l

hTI 1.

rwo rwo

To find the running of h, start from the bare coupling

Ao AL AA 1
h(d) — 0 — T ¢ — —_hT°¢
0 rwo rero Zr
and derive it by T using O1hg =0,
dh 3 dr 3 )M
T——=ch— —n T— = —er+—"=
ot " 7 T T T e

whose solution in the € — 0 limit is

W 3XM (T
(T) = H(T)+ gt ()
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Running of r

» Noise decreases the removal 05 —
0.40
rate at smaller temporal 035 = e
scales, which constrains P
’ ; 0254,
possible fast chemical o0
. 0.15
mechanisms 010
0.05
» Concentration fixed points %o a2 e e
get modified by the noise
X 0.200 y
> Valid as long as 01751 . Gectve potentil
0.150 /
A 0.125 //
h=—x1 ;,50.100 i
rwo 0.075
0.050
0.025
0.000
0 8 10
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Outline

Summary
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To sum up

» 1-loop effective action for SPDEs subject to Gaussian colored
noise, both additive and multiplicative

» Effective potential gives info about stable and metastable states
in a nonequilibrium fluctuating system

» Dynamical symmetry breaking phenomena in KPZ equation
with white Gaussian noise

» Running of the removal rate in a chemical reaction at different
probing scales

Thanks for your attention!
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